The quantum Fisher information for a two-mode, Gaussian product state in an interferometer subject to photon loss is studied. We obtain the quantum Cramer-Rao bound on the achievable precision in phase estimation using such states. The scaling of the measurement precision with the mean photon number for such input product states is compared to the limited scaling for dual squeezed vacuum states and for dual squeezed, displaced vacuum states.
I. INTRODUCTION
Using light as the measuring device by employing interferometric arrangements have led to a long list of fundamentally significant advances in our understanding of the universe ranging from the negative result of the Michaelson-Morely experiment [1] to the recent detection of gravitational waves [2, 3] . There is ample evidence to suggest that by tapping into the nonClassical features of light it is possible to push the limits of precision interferometry further [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . The varieties of quantum features of states of light and the possibilities presented by them are virtually limitless. Experimental investigations of many of them are also becoming possible in recent times.
The lowest attainable bound on the measurement uncertainty given the resources available to perform the measurement is the central question in metrology. Quantum features of light in an interferometer is the resource of interest in this Paper. The measured parameter in a typical interferometer is a phase difference ϕ and the scaling of the uncertainty in the estimated phase, δϕ with respect to the mean number of photons,N , in the state of light that is the input to the interferometer is the quantity that is focused on here. With 'classical' states of light like coherent states as input to an interferometer δϕ scales with the mean number of photons as δϕ ≥ 1/ √N and this is the standard quantum limit (SQL) or the shot noise limit. If one were to devise highly non-classical states of light, like N00N and squeezed vacuum states, one can do better, in principle, than the SQL [9, 11] . With N00N or Squeezed Vacuum states Heisenberg-limited scaling of δϕ ≥ 1/N can be achieved. However, many of these well-studied non-classical states yield Heisenberg-limited precision only in the absence of decoherence, photon loss, and other noise. In any practical interferometer, noise is inevitable. N00N states are highly sensitive and extremely fragile to the photon losses and are outperformed by classical states of light in the presence of losses [8, 18, 19] .
The performance of various quantum states of light with fixed photon number in interferometers, as well as the effect of photon loss and other forms of decoherence in such states, have been studied previously [7, 8, [18] [19] [20] [21] [22] . As discussed in the following, fixing the mean photon number as the measure of the resources does not unambiguously fix the best possible scaling of the measurement precision, and so an additional constraint is required for states other than those with fixed photon numbers. In [11] the additional logical constraint that the input state is a product state across the two input ports of a typical Mach-Zehnder interferometer is introduced. In the absence of losses, the dual squeezed vacuum state (DSV) is shown to be optimal input product state leading to the best possible scaling of δϕ with respect toN . In this paper we consider optimal input two-mode Gaussian product states into a Mach-Zehnder type interferometer in the presence of photon loss
In section II we review the quantum Fisher information for two-mode Gaussian states. The quantum Fisher information for arbitrary two-mode Gaussian product states is obtained in section III. We see that in the presence of photon losses these states as input to interferometers do not lead to better scaling for the measurement uncertainty with respect to the mean photon number compared to other 'classical' states of light. The enhancement in the measurement precision is only through constant factors. In section IV, we study the DSV and dual squeezed, displaced vacuum (DSDV) states as special cases. Section V summarises our findings.
II. THE QUANTUM FISHER INFORMATION
The quantum state of light in an interferometer is the particular part of the measuring device that responds directly to small changes in the measured quantity. The measurement uncertainty is inversely proportional to the magnitude of the response of the measuring device to small changes in the measured quantity. This statement in made precise, when the relevant part of the measuring device is a quantum state, ρ, by the quantum Cramér-Rao bound [23] [24] [25] [26] 
where I(ϕ) is the quantum Fisher information. The ϕ dependent part of the dynamics of the state in the interferometer usually consists of two parts, unitary evolution, and non-unitary evolution. We assume that the unitary part of the time evolution of the state of light in the interferometer (the signal) is generated by a Hamiltonian of the form
Non-unitary evolution is relevant for any practical interferometric with noise. In the basis {|j } in which ρ is diagonal (ρ = j p j |j j|), the Fisher information has the form [23] I(ϕ) = j dp j /dϕ
In the above equation, the first term comes from the non-unitary, noise part of the evolution and the second term comes from the unitary part. The expression in Eq. (3) for the quantum Fisher information is not always easy to handle, especially when the state is not readily diagonalisable.
The two-mode Gaussian states we study are not easy to diagonalise, especially in the presence of decoherence. A general expression for the quantum Fisher information of two-mode Gaussian states is derived in [13] , which we outline briefly below. The quantum Fisher information is also a measure of how well we can distinguish two neighbouring states ρ ϕ and ρ ϕ+ and it can be defined as the limit [27] ,
where F(ρ ϕ , ρ ϕ+ ) is the fidelity defined as
The Fidelity of a two-mode Gaussian state [28] is given by
The Fidelity is given in terms of the expectation values and covariances of the creation and annihilation operators of the two modes (a, a † ) and (b, b † ) respectively. In the expression above,
Σ is the covariance matrix with elements
where {., .} and . denote the anti-commutator and the expectation value respectively. Further, we have
where
As detailed in [13] we can Taylor expand the fidelity upto second order in around the point ϕ to compute the limit in Eq. (4) and the Quantum Fisher Information can be written as
where A = KΣ, τ i 's are symplectic eigenvalues of Σ and the dots above the symbols denote the derivative with respect to ϕ. The symplectic eigenvalues of Σ are obtained as,
where | · | denotes the determinant. Eq. (9) is applicable to all two-mode Gaussian states. The states we study in the Paper are Gaussian states and the noise that they are subjected to preserve the Gaussian nature and so this expression for the quantum Fisher information is applicable.
A. Mean photon number and the quantum Fisher information
At this point, we digress a bit and note that the generator of the relative phase between the arms of interferometers is usually proportional to the photon number operator, H ∝ a † a =N . This means that the minimum measurement uncertainty in phase estimation using a pure state in a lossless interferometer is inversely proportional to the variance inN as δϕ ≥
for pure states. This presents a problem when we seek to use the mean photon numberN to quantify the resources put into a measurement scheme because it is possible to keep the mean fixed and increase the variance of N arbitrarily.
For an interferometer in the symmetric configuration as shown in Fig. 1 but without losses, we have Let the input state of light in the interferometer after the first beam splitter be an arbitrary, two mode, pure state,
where n 1 and n 2 are the occupancies in each of the two modes, N = n 1 + n 2 and n = n 1 − n 2 . Let
The mean photon number in the interferometer is
We can now compute
Fixing the mean photon number constrains only p N as can be seen from Eq. (13) . The choice of C N,n , for each N , that maximizes ∆ 2 H is
with C N,n = 0 for n = −(N − 1), . . . N − 1. For this choice,
By setting |p 0 | 2 = 1 −N /N and |p N | 2 =N /N for N = κ/N , we can make ∆H bigger than an arbitrary constant κ while simultaneously keeping the mean photon number fixed. So we see that the mean photon number of the input state does not constrain the minimum achievable measurement uncertainty. We therefore need an additional constraint to use the scaling of ∆ϕ withN as a meaningful measure of the performance of an interferometer. For the states we discuss in this work, the additional constraint is that they are product states.
III. TWO-MODE GAUSSIAN PRODUCT STATES WITH LOSSES
A general two-mode pure Gaussian product state has the form
where R a (ω a ) = e ia † aωa , D a (α a ) = e αaa † −α * a a , and S a (ξ a ) = e 1 2
(ξa * a 2 −ξaa † 2 ) are the rotation, displacement, and squeezing operators respectively for the mode labelled a with α a = |α a |e iβa , ξ a = r a e iθa and similarly for the mode labeled b. The input two mode product state of an interferometer like the one in Fig. (1) goes first through a beam splitter described by the operation,
following which the phase to be detected is imprinted on the state through a pair of symmetric phase shifts described by R a (ϕ/2) and R b (−ϕ/2) in the ideal case.
To model the photon losses in a real inferometer, we introduce additional hypothetical beam splitters in each of the arms after the first beam splitter as shown in Fig.1 . We trace out the reflected part of the beam that account for the photon losses. The Kraus operators, K a,p , describing the photon losses for the mode a are [8] 
where η a is the transmissivity of the beam splitter and similarly for mode b also. The state at the output end of the interferometer is given by,
where ρ in = |ψ in ψ in | and U ab = R a (ϕ/2)R b (−ϕ/2) is the unitary that imprints the phase onto the state. Note that the unitary phase operator commutes with the photon loss operators and hence the ordering of the two does not matter. For finding the Fisher information we compute the following expectation values with respect to ρ f :
and
In fact we first calculate the expectation values above without considering the photon losses, then we include the photon losses using the transformation a → √ η a a , a 2 → η a a 2 , and a † a → η a a † a , ab → √ η a η b ab and similarly for mode b. The remaining expectation values like a † , a † 2 etc. that are required to compute the covariance matrix Σ can be obtained from the above by complex conjugation as appropriate.
Using Eq. (7) and assuming that the photon losses in either arm is the same, η a = η b = η we obtain
The symplectic eigenvalues of A = KΣ are given by
both of which are ϕ independent and positive. Sinceτ 1 =τ 2 = 0, the quantum Fisher information has the form
, and
After a long but straightforward calculation we find that I 1 has the form
where f 1 and g 1 are positive valued functions. Similarly we have
We can maximise both I 1 and I 2 by choosing the phases ω a , ω b , θ a , θ b , β a and β b such that cos(
For such choice of phases, we find that:
Note that the quantum Fisher information we obtain is independent of ϕ. The remaining phases ω a , ω b , θ a , θ b , β a and β b are removed while maximising I.
IV. SPECIAL CASES
The input product state in Eq. (17) has mean photon number
In the following, for various examples we compare the quantum Fisher information computed using Eq. (25) with best possible scaling of the measurement precision given using classical (coherent) states as input to an interferometer with losses, namely 1/ ηN . Specifically we will be focusing on the ratio J ≡ I/ηN . Measurement precision that is better than the classical case will correspond to the ratio growing as a function ofN , while saturation of the ratio would correspond to improvements over classical scaling by a constant factor only.
A. Dual Squeezed Vacuum State
In [11] the dual squeezed vacuum (DSV) state is identified as the optimal product input state with fixed mean photon number into an ideal optical interferometric set-up. The DSV state is,
where |r = S(r)|0 with r real. The DSV state is obtained as a special case of the state in Eq. (17) by setting
Substituting these values into Eq. (25) with η = 1, we recover the result from [11] that the phase measurement scales as,
Note that since |α a | and |α b | are zero, maximising the Fisher information involves only setting cos(θ a − θ b + 2ω a − 2ω b ) = −1 which is satisfied for the DSV state.
In the presence of photon losses, the quantum Fisher information for the DSV state is
The corresponding uncertainty in the phase measurement is
In the limit of largeN (large squeezing) we find that for η = 1, J saturates to 1/(1 − η) indicating that with photon losses the DSV states in an interferometer will not outperform the classical case in the scaling for the measurement uncertainty. The same is already known to be true in the case of quantum metrology using states with fixed particle number [21, 29, 30] . However, as shown in [11] , in the ideal case where η = 1, J grows withN as √N + 2, giving Heisenberg limited scaling. The improvement through a constant factor in the presence of photon loss is shown in Fig. (2) where J is plotted as a function ofN for different values of η. 
B. Dual Squeezed, Displaced Vacuum State
The dual squeezed, displaced vacuum (DSDV) state is generated by symmetrically displacing and squeezing both modes so that |α a | = |α b | = α, r a = r b = r. One choice of phases that maximise the quantum Fisher information is ω a = ω b = θ a = β b = 0, θ b = 2β a = π. The DSDV state can be labeled as |ψ in = |iα, r ⊗ |α, −r . Using these parameters in Eq. (25) we obtain
For the DSDV state,N = 2 α 2 + sinh 2 (r) and
There are two types of largeN limits we can take for the DSDV states. The first is a classical limit wherein we assume that the displacement α is large with negligible or no squeezing (r = 0). In this case we have J (c) DSDV = 1. With or without photon losses, the DSDV states offer no advantage over the classical case as expected. The quantum limit corresponds to α = 0; in which case the DSDV state reduces to the DSV state discussed previously. In Fig. 3 , the ratio J is plotted for a DSDV state for which the contribution to the mean photon number due to the displacement operator is kept constant at α 2 = 10 and the mean photon number is varied by changing the squeezing. As with the DSV state, we find that the improvement in the measurement precision over the classical case is through a constant factor only, and the saturation value of the improvement is controlled by the photon loss parametrised by η. We also note that the graphs in Fig. 3 are very similar to those for the DSV state, shown in Fig. 2 and both saturate to the same value for a given η. This indicates that the displacement has little or no role in improving the measurement precision beyond the classical case as expected. In Fig. 4 we plot the difference between J DSDV and J DSV as a function of the mean photon number and we see that the difference becomes very small asN increases. with different values of η for which the squeezing parameter r = 1 and the displacement α is varied. The maximum value of the improvement by a constant factor over the classical state that is obtained by the DSDV state is attained quickly for relatively lowN , with no further substantial improvements as a function of the displacement.
In Fig. 5 we plot J DSDV for fixed squeezing (r = 1) withN varied by changing α. We see that the saturation values of the improvement are controlled by r and η and the graphs already reach their respective maximum values for relatively small displacements again highlighting that the displacement in the DSDV states has very little role to play in providing an improvement in the achievable interferometric measurement precision over the classical case.
To explore the effect of the trade-off between displacement and squeezing in the DSDV states, In  Fig. 6 , we plot the ratio J as a function of the squeezing in each mode as measured by the value of r a and r b for a state with fixed mean photon numberN = 100 in an interferometer with η = 0.9. We assign a mean photon number ofN /2 for each mode by choosing |α j | 2 =N /2 − sinh 2 (r j ), j = a, b.
Again it is clear that any advantage over the classical case is due to the squeezing in either mode and that in the presence of photon loss no advantage in the scaling of the measurement uncertainty is forthcoming FIG. 6 . The ratio J is plotted as a function of the squeezing r a and r b of each of the two modes for a DSDV state with a fixed mean photon number,N = 100 in an interferometer with η = 0.9. The mean photon number is kept fixed by choosing |α j | 2 =N /2 − sinh 2 (r j ), j = a, b.
V. SUMMARY
We have presented a systematic exploration of the performance of two-mode Gaussian product states in an interferometer beset by photon losses. The choice of these states was motivated by the observation in [11] that such states are optimal in ideal interferometers among input product states with fixed mean photon number. We obtained an expression for the quantum Fisher information in the presence of photon losses for such states in a linear, symmetric interferometer. We proceeded to use this expression to find the quantum Cramer-Rao bound on the minimum uncertainties in phase sensing when using DSV and DSDV states in a lossy interferometric set-up. We have shown that both states do not attain Heisenberg-limited scaling for the measurement uncertainty if there are photon losses present, but it still performs better than classical states of light albeit through constant factors. Our results reduce to those in [11] in the absence of losses.
